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stresses 6f f i„it. . ' there ej?e no additional 
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= 0- How -Oqij = o-.^aiid e = | were prooleely the two fun- 
damental assumptions for oaloulating the diagonal tension fields. 
The oalculatlon of the work of deformation for the arbitrarily 
. chosen deformation presents no difficulties, and wo can pass to 
the boundary E g— >0. Selecting the dimensions which cliarac- 
teriee the attitude of the form change in the limiting case ac- 
cording to inequation (32a) - (Technical Memorandum ffo. 605, page 
38) then yields A = A^in. 

We briefly indicate this calculation for the case of ob- 
lique wrinkles, and for that purpose resort to: Figure 33, which 
shows a sheet metal girder with ' x and y; as th of 
the plane of the sheet.' Upper and lower spare are to be paral- 
lel to -axis X. Hie lateral: edge members are considered very 
far apart and not within the afainge of our 'ooneideration. Now 
we subject tho spars to elo:agation e^o in the direction of x 
and raise their distanoo in .dlrootlon y by " h Cy^. i„ addition, 
we shift tho upper ^par by h " to tho right with respect to 
the lower npar. This otmses the sheet to wrinkle, Its oompononts 
undergo displacements £ Iri ldlreotlon ,x and dloplacements n 
in direction- y and bulge by j out of tho original plane of 
the sheet. - ' 

How tho deforma,tions of the arbitraxlly chosen form: change 
aro defined as ; 

{ = exo X + To y + ^ e ((^iBin 2 o (x - y oot a)] 
^ .= ^yo y - I e 9« cot a' sin [3 e (x - y cot ct )] 
J = 9 cos Co (x - y oot a)] . 
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Where a ^Jigle of direction of wrinkles, 

e IL.§iiLa (-^ j^^^^^^ ^^^^^^^ wrinkle) 
9 --^^ depth of wrinkle in culmination point. 
Wo select cp in conformity with the discuGoion for Fif>:ur 

32. With f . as the depth of the wrinkles in the mean r^no^e 0 

1 TT 

cp = ^ f[l « cos vdthin range of z - 0 to z. - r, 
cp f within range of z = r to 2 = h - Tj- 
'P - |" f [1 ^ cos ILliL-r^] within range of • 2 = h ^ r 
to z = h. 

Then, we compute the work of the form ch.m-e for a oompo- 
nent of banc d^ d^ (for example, according to FSppl, Drang 
und Z;.ang, Vol. l, 1920, pp. 130 and. 154). .Thia r^ork; eonsists 
of ^bending stresses and the me,an stresses in tension and shear, 
so tiic total v/ork is integrated over the entire ojea, of the , 
sheet. It is advisable to integrate. first in direction x 
and then in. direction y conformal to the- three ranges. 

Aside from the given dimensions of the sheet and the three 
quantities e^^, niid 7^ definin^^ the deformation of the 

edges, the equation contains only the four quaaititi.es a, b, , f 
and.r, v^ich characterize the wrinkling. So a partial differ- 
entiation of the work of form change yields only four equations. 
For E -p — >0 theno equations ^ire complied with whi.^n 

X) every ratio of ^, which, oatlnfies (3;.)), In likr-.v. 
conformable for every finite | ior ini.vtance, 
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• 2) tan 2'-:.ct'^^':^^2o__^^ ■ -^Iv^ ' ; ;:;v:-.; .;: ■ ;||||: 

V 4) 1=0. . 

This i3 in perfect agreeraent with (4) aiad (:30b).* 

The number of wrinkles or their. exact form are not' calcu- 
lated, Ginoe that ij5 of no particular intcrot^-t to uo. But it 
^ is esoontial that tho wrinklee in infinitely thin sheets are 
^ Buoh that our fundamental as Bumption8'' ( particularly ^a^^ ^ o) 
for the v/hole range of the sheet, with thtr exception of the 
edges, be co?:rect, and that vanishes in the- infinitely • . 

thin sheet.' 

How the assumptions which we made previously,' constitute,- 
in fact, the exact theory for calculating ^ the in in^ ' : 

finitely thin wrinkled sheets when it is: a '(luest ion of defining 
these stresses within the field. ,The,de:Viaticn8 at the edges V 
are of finite magnitude,, although we a.r.e.™able to give accm*ate 
data on their behavior. But, owing to the infinitely small 
range within which these deviations, oecUr> .and their corresponds 
ingly infinitely little work :cf form ohajige, their effect on the 
amount of form change in the girder is zeroV reGardleGa of " 
whether the sheet is rectrained at the edge or .r,iini:)ly freely 
supported. 

According to cxperimentn new v;r inkles inter np ace the/n- 
selves on: the edges, so "t hat -there _ are niore wrinkles on th^-^ 
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edges than in the middle. 1„ thio way the depth of tho ^inicle. 
decreases toward the edge, without, offbcting a lllce increase in 
cross stress -a^^. xt is only at the odge itnclf that tho 
stresses pai'allel to the spar (aside from ? equal tho 

stress in the spar. \ 

Determination of Sxperimental Error 

-How we figure back from the deformations determined by 
^.test, m order to see the extent of applicability of our an- 
Jsumptlon = 0 to practical oases; then we compute c^. 

From (Fig, 7 of my report given at Danzig, Jahrbuch 1928, 
der Wissenschaftlichen Gesellsohaft ffir Luftfaiu-t, p. 115,) 
the^vidth b Of a wrinkle With respect to its length I 'and , 
.rgtrdcr height h can be measured quite accurately, in the 
left panel we have 

I . 18 (= length of wrinkle from upright to uprif.ht), 
b .s-- 2.8 '] 

„ ' „„, [ °A' = 0.0089. 
s = 0,035 j . 

In addition: 

/; E = 706,000 kg/cm^ 

, <y= 2,400 " consequently € = 0.0034 

0„ = 300 " ir 

^ €x --O.0004 
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■ Equation (.28) yields: 

TT S 

°qk ^= - 12 -^(f) = - 46 kg/ora-'. 
which is only 2 per cent of a. 

Moreover, the depth of the winkles is not perfectly oon- 
Rtant, not even in the center. The tenaion GtrcGC a of the 
plate i-iboT running In the oulralnatlon lino (Seotion 1, Fig. 34) 
calls, on aooount of the curvature of this fiter (due to equi- 
librium of componontc acting perpendicular to the Gheet), for a 
comprcGBion stress a^^ pei-pondicular to- o (hence in direction 
°^ °qy) "liich is computed at: 



= _ a ^ 



Oj, and oq are the radii of curvature of the wrinkles (Fig. 
34). AGGuming the ^xinkle in oeotion 1 of Figiire 34 to be pure 
sinuBoidal, (r= f the value for a^^ is surely too 

high: 

and ?/ith. our f igiires 

So 0^^ ir, nertainly lower than 2.4/. of a. For total cross 
otreG;j we iiave at the hit^icat 

^q " %k ^qB " - kg/cin^, 
that i.G, 4.4;o of a. 



« 
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Co„forn>ing to ti.- equilibrium of the inside with the out ^ 
. sxae Bt.o.co. at a cut through the .hoot w^Xl parallel to the 
upri-^htG we must have: 

For this oaoe eauation (9) yield, values which arc about 4 per 
cent too high for a , K we '^ake the highest strens r as 
daoislvo for the stre.s of the material, it nevertheless indi- 
oates the material stress correctly, because ' 

Ifow we define the ^tn^oo i„ v,^ * 

.>ti<„f:,s in bending. Equation (5c) yields 

for 

€g - « € + €y = - 0.0061, • 

and (29a): 



f o 

■J- /; 1 



Jt, = - E 0.0089 X 0.0045 = ± 1400: kg/om^. 



■ The stress in bonding is now more th» half as high as a 

causing the materl'^i ■f■/^ - • . ' 

material to leacn its yield lin:lt sooner than our 

calculation with a calls tor. ' , 

The elongation in direction . is the s^c at I ^nd 11 
^!!ii:--lt)_.££Ljl^at the stress a in r]ir«„+4 

i-art I, a. i^o, 604, page 22. 



b = n y 0-0061 -ig X 0.0034 _ 0.0000 0.045 

f = 0.136 CM. '■ : M 

So 'with (30) wo obtain: ; ' 



H 
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i <^ at these pointn, that 'is, a decreases at 1 ,md increaaes 
at li. With m = 3.3 

= 3400 - i 1400 = 1980 kg/oms, 
°II = S400 + ^ 1400 = 2830 Icg/oms. 

To iliu.txato the effect of a on the .tre.. in the mate- 
i-lal >yo discuss two limiting cases: ' 

1) The greatest elon;.;aticn is to be decisive for the- stress 
f in the :.aterial. Since, as wo just stated, the bending streas 

% -Han no effect on the .elongation in direction z. the reduced 
Btre«,. a, - a 2400 Wom=. There is. no change in Material 

2) The highont fiheo,r stress is to be decisive for tho strcs. 
in the ..atonal. The maxlinum occurs at point I and amounts to 
W = i( + %) -1(1930 + 1400) = 1 X 3380, to/cn= 

a-s against t„ = -i x 24nn ■n' _ \, 

max 3 ^ "^^^y « = 0. According to this the 

yield li;nit ,is reached at I, while the tension a amounts to 
only 70 per cent of tho yield liuit. 

The difficulty in bringing out the premature roach of yield 
limit by tests is obviously duo to the small range within which 
the stresses become appreciably higher tarn the simple theory 
defines. Then it may be due^ m p,u-t to a higher yield lr.it 1. 
the cuter layer of the shout, or to tho uprl^vnt. tor:o^•■u:::• 
with the, spars have a boxlllce pffect to a certain d.e.irco, ruKl 



I^A.O.A. Technical Meniorantofl No. 60t 9 

thus xeduoe the ores aectio„: in the plate. ^ It is also posalble 
that our ass,i«^tlon Of r^, as decisive for the K>aterial stress 
was, after all, perhaps a little too unfavorable for our case. 

tfe again repeat that the theory developed for the diagonal 
tension field simply postulates that o and that c = £ • 

we do not presume a, to be very low. Hence, stress a calc'u- 
•lated on these premises yield the exact nean tension stress 
(the mean formed over plate thickness a) regardless of the rel- 
atively high a^. 

a.reover, it should be noted kat ^ I3 presuaned to be ' 
low only When the plates are actually thin compared to their 
other dimensions. Even if the stress, at which wrinkling sets 
in, is not materially below the yield li,:it (not lower than 
1/50 Of the yield limit, for instance), the plate soon reaches 
this critioal point, after wrinkling. 

As 8-*0, at diniinishes very slowly like a^'^ andean 
actually be counted upon as being very low for very tl.in plates. 

Lastly, we examine the differences in tension stress a - 
Which result .aen the sheet fiber running in the direction of 
the culmination line of the wrinkle is stretched more than the 
fiber which (almost) remains in its original Plane. Again 
assuming the culmination line as sinusoidal, the conwiVe 
elongation in. this line is 
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great er thcin in,^ fi^^^ ;'?frmining^^^^^^^^ Heiioe 
we may precuno that the firijt stretdhW;^ more and the othir; 
Ac lesc than g so that: 

A a = E A € ^ 43 kg/cn^, 
which . XG not quite 2 par cent of a. 

In the center of the fiold the actually prevailing fluc^ 
tuation in stress is prefluniably lesfj than tho calculated figure, 
but certainly higher at the. edge, although no marked deviations 
frou a axe to be anticipated even at the edge. 

Exceeding the Yield Limit 

Here v/e merely connidor the cane of the web plate v/hen 
exceeding,' the yield li-nit. We have already stated that, prior 
to reaching this liivdt, the material. beginB to break down at 
different places, due to the local bending: stresses o,^. But 
owing to the limited range (if the bending stresses become at 
all noticeable) they have no effect on the def oriviations of tho 
whole girder nor on the noan tension stress a. 

.. Only When a itself reaches . the yield liniit, does the 
stress show a slight ohojigel Equations (4), (5) and ( IB) re- 
main, in so far as they represent relations between a, 0, 7, 
^* ^q» ^x' S> ^"^^^^-^v* n;r>pliGable, x\f tor exceeding the yield 
linit in tho v/cb plr-te c prepondcjraten over e ond c 
..and we L^proxiuate a 45°. (a PA)) and 7 = U c. Novr 
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when vre v;rite tjaeso values^ and :(l8) we ha^e for perpen^ 

dicular uprights ' 

hs 

and 

<^ - II cot 

for oblique -uprights. For the first type this agrees with (l3a), 
but v/ith a 45^ v;e have: 

So if the diraensions of the web plate are suoh that the yield 
liBiit is exceeded by ultimate load, equation (l3b) is inappli- 
cable for computing the uprights, or the V values would become 
too low. 

Oqk decreases after the yield limit has been exceeded, so 
that the assumption a^j,. = 0 applies noiv even better than before 
exceeding the limit. The bending stresses as well as the 

fluctuations in stress Acs disappear, hn& so have no effect on 
the ultlraate load. If is the tearing strength of the sheet, 

the ultimate load of the web plate is always computed at 

•^B = |;^,hs tan g/2, 
provided, the box effect of the uprights is small. 



■ '^aeneral Dlisgonai^ension Fields 
TranBverso Contraction 

The rectangular, very thin unntressod sheet (Fig, 35) i^ 

deformed, as follo^vs: wo Gubjeot tho sheet in the direction of 

axis n to a constant transverse contraction or in 

• qo' 

^ Other words, prodiioe wrinkles in the direction of axis z. ; 
Wow v.e apply tension stresses., at the edges D, these 
stresses to increase linearly with n in direction n: 

^^^i- . .. 

The result is aai( infinitely siaall) curvature of the sepaxato 

fibers of the sheet (conpare equation 3a, N.A.C..A, Technical 

Memoranduiii. No. 604, Part I), But since we assumed ^ - 

dn 

constant, the curvature of all these fibers is the saine; so 
the distance of two such oAjaocnt fibers remains constant, 
hence transverse contraction -^-^c^ remains constant. 
Then we subject the sheet (Fif^. 33) to an identical transverse 
contraction ^c^^, and again apply tension stresses a at. 
the edge in direction z. But nowthey are to increase ir- 
regularly as indicated on Figure 36. The curvature ra.dii 
^7 _ 1 da / 

E dn ^^«^^ipare equation 2a) of the individual fibers 
runnin- in direction 55 a.re now; different (see Fi,-. zo) , Trx 
fibers, originally exactly in direction 52, are n^.w e.x.McMy 
perpendicular after the deformation. 
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If ^"0 too. care w.en a,.,ayi„, teu.ion .t.e„« a that the 
t^a„.vo..o contraction .e.ainea unonan.ed at t.e e.,e., (t..t 
T'^''^ -^^^traotlon _ the „Wdle r..,,. ,,,,, 

ailler iroiTi the original Thio 
^ , ^qo* rrieann lower rrb 

^ ^^-'-^^-'"^ ^^-^-^i at the ecto- 
^ ° ^^-^^ oontraotion now greater than 

Thun it will be Goen that fhr- f.- 

cna,t thb tranBver^e contra/; t ion i'- 
'capable of .hnn^^ng ai.on/, a wrinkle ..cl ..v - ^ 
. . '"'-^ '^i'^y a^nume extreme; 

iJ.A.o.A. Toohnioal Me/iior,andum No. 604 ) it -....h • 

Du^, ; It ,nuGt mc.Ludu the who'i 
^ango Of the sheet, not merely the edges. 

Put it may ocour in a .heet with relatively low _c 

that inequation (.) i. ^^^^^^^^^ 

m tuo aotted range around o, in whiPh , 

, , . ' " '"i^'i^ our aarjumptionn 

-^"^ «ore oomplioated one... 

But in our lurth(;r dx;,ou,3,.,ion we eonr.tder (-) w v 

in tso .r ; -onoidei (o) to be oomplied. th 
in tiie ivnolf; range. 

^i.aro 36 .how. <, eon.tant.«d variable alo.. tH. 

-in.Xe., consequently the depth with re.peet to the widtl :r 
ZrT'^ .^u.t vary alo,. it. length aoeordin. to (39.) ( .L. 
, ' «---^--n'lu„ NO. <.05); the wrin.led 

r.-.'.t„ no developable nuxfaoe and it ,.,v ^e 
*hat the .beet would re.U.t tai. typo of wrU.. :, ,.. 
^« P-'Ved that in an infinitely thin cheet with very 
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low depth 'of wrinkles this resistdaioe to wrinkling disappears , 
even In this case, so that our presupposed deformation attitude 
yields the least work of deformation.- 

Now we subject the sheet in Fif^re 37 to a transverse 
contraction -c^^, after which we again apply tension stresses 
o, which on the left we allow to increase linearly up to the 
center, aJid on the right to decrease linearly, in the center, 
itself |2 is unsteady, that is, g ie infinitely great. 
«ien we plot the fibers running in direction z after the 
deformation, we find that the two fibers infinitely close to 
the right and left of the center would have to intersect after 
deformation. But this, is not actually possible because the 
connection of the sheet must be kept intact; these two fibers 
must, in fact, run parallel to the center line. The fibers 
originally in direction 2 near point M can therefore be no' 
longer exactly perpendicular to the sheet edges after the def- 
ormation. This meais there nnist be shear stresses acting in the 
direction of and perpendicular to the wrinkles, which effect this 
change In angle. Our basic assumption of zero shear stress in the 
direction. of the wrinkles no longer holds true in the range 
around point M, and we must presuppose that the edges are sub- 
jected to steady deformation^ 
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General Stress and Deforfeion Attitude of a Tension Diagonal 

. We resume our earlier discussion on the attitude of stress 
in a diagonal tension field. Figure 38 shows a plate strip be- 
tween two stress trajeotories which we call, for short "tension 
diagonal." Axis z is' placed in the direction of the strip. 
At z' = 0, that is, point M, the width of the strip is given - 
lUx = ^T^' The anele formed by the stress' traj eotory passing • 
through M with the x-^o.xU passing through we call a. 

The stress trajectory paneing through i;, forms, xrith axis x 
the angle a dnj^, which usually differs from a; the 

angle of the two stress trajectories enclosing the strip is 



8a 



dn^, 



Other given data are, the principal tension stresses 
in point M and 

<%^=%>^<i% . :: (34) 

in point Mn. 

First we define the width dn of the tension diagonal at. 
z (point P). We obtain 

(35) 

Since the term z g|i recurs many times in the subsequent .cal- 
culation, we abbreviated it to ' r, so that 

Where, of cours^, we,,.;^ot alwaya.beiir in mind in the subaoqucnt 
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differentiatidns £inci integrations, that r is a ftmotion of g. 
Consequently, equation (35) bocpnics now 

dn = djiin (1 - r) (35a) 

Then v;e calculate the stress attitude of the tension diag- 
onal. In oonforniity ^vith the frreedom from sources in the field 
of the principal stresses (See Part I ~ Technical .Memorandum No. 
604, theorem 2, page 11) ■.. 

?ra - a dn (37) 
is valid, that is,' with (3.ja) : : ;■ 

Now we compute — , so that (36) yields: 

oz 

as - ^ (fz ^ ~ ^ anin (1 :nr)^ 

In pa,rtioular, wo obtain with z = 0 and r = 0 for point M 

/§[£^ (37b) 

Then the stress becomes 

0i=.i:a + |£ d n.-^: : 
■:; ■ ■ dn , 

in point . Taking into account the infinitely small terms 
of the first order, v;e obtain 

Ojdn dn^ 

do 

Then we make Oj - a ~ gn dn (Fig. 38), that is, vath the pre- 
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ceding equation , : 



• 3a ^ , an , 

^~ dn a, ^ a ^ o^^^,^ q 

and obtain with equations (34), (37) and (35a) : 

c^£ ^ 1^ 

an cinj^^ (1 - r)^ 



(38) 



Now o and ite derivationQ oonfotml to z and n are knovm at 
every point of the tension diagonal. 
With 



^ - I' (39) 



that is, particularly. when, for example, - ' 

% 

~ > ©"to. , ., (39a) 

it beoomee apparent that all these equations arb applicable to 
the elongations, providing ive v;rite e instead of a, 

♦ 

Hov we calculate the form into \7hich the originally straight 
fiber which passes through II ■ aUd coincides with the stress 
trajectory changes when subjected to the discussed tension 
stresses. We emphaGize that this form depends only on those 
tension str'ssses, but not on the trc?.nsverse contraction. 

Beginning with the increase in. the distance of two 

points 0 and U (Fig. 39) caused by tension stress o and elon- 
gation €, equation (37a) yields: 
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and equation (36) yields 



- - ^ - In r- 



a njn 



-^en ^ g?^ , etc. 

Incase Z;^ ~ (Fig. 39a) , we have 

conformably to equation (2a) (Part I - Technical Hernorandum 

No. 604) the fiber curves Tf i, -i q i 

uuxves. 11 p 13 the displacement of a 

point in direction n, -caused by the deformation of the fiber, 
equation (2a) yields 

dz^ " an 

that is, 

02 3n 

Assuming the fiber to be fixed in u + 

iixea in M. so as to preclude all dis- 
tortion in this point (33) and (33) yield 

Be 



a-z " aa 1 177 (41) 



- — is the angae formed by the tangent to the fiber in 
a point T and the tangent to the fiber in point ll. 
A second integration of (36) yields 
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o 9 z VI - r/ 



ivhioh is briefly written as 



D 



( 



a Ilia/ 



(4-2a) 



Nqw we know the form of the fiber in the sheet. But for 
later purposes we: present the data in somewhat different manner. 
We assume the t?/o points 0 and U of o\ir t-ension diagonal iso- 
lated and connected by a straight line; then let M* represent 
the distance of a point on the plate fiber from this line. But 
we give the result of this simple oaloulation in a form adapted 
to our special case of sheet meta.l girder, namely, for' Zg = 
(Fig. 39a). With equation (43a), we have: 



fJL = D 



L 



Vl - ri*- / 2 ri ^'1 - r^/ ^1 - x^^ 



(43) 



Then we . calculate angle gp^, particularly at point 0 and U 
We obtain ^ 

1 1 /I + r. 



anm 



0,U 



d nm 



1 + r, 
L ^ 



In 



( 



3 r^ " VI - rj / 



(44) 



where the upper sign is valid for point 0 and , thp : lov;er sign 
for point U.- 

This defines the stress a.ttitude of the tension diagonal 



^0 K.A.C.A. Teolanioal Memorandum ilo. 606 

and the ensuing form of the diagonal, still leaving the elonga- 
tion, attitude. The elongations , € in the z direction are already 
.known from the stress a, and. our problem is to find the elon- 
gations perpendicular to it, na.mely, the transverse contraction 
« Sqt- We could again assume the transverse contraction - c^^ 
at point M and its derivation according to z as given and 
compute with these data and the given stress attitude the con- 
traction at. the other points of the. tension diagonal. But we 
prefer to use another method, whioh^ supplies the result which 
conforms, tetter to the ordinajrily known limit equations.. We as- 
sume the transverse contractions ^c^^ and « m point 0 
and U given and then- define the contraction ^ €q at a point 
z by applying stresses. 

Figure 40 Ehov/s the two adjacent plate fibers in unloaded 
attitude as dotted lines. Their distance at 0 is d n^, and 
at U, d n^. Fqw v/e increase this distance by ^ d no €qo and 
and d n-^ e^^. The result at z is a raise in distance d n 
amounting to d n "i^. For our special case Zg - - (36) 
(that is, ri = zi -iHi- etc.) yields 

^ ^ 2 2 (1 - r) ri ^ 

Moreover, the distance of 'both adjacent fibers becomes 
greater, because these fibers can bend, differently, that is, by 
M-i - M. (Fig. 40). It is 

- H |H dn - (€q ^ -€q) dn 
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Now eqtmtions (45a) , and (35a) yield the whole transverse contrao- 
tXon, ais ,; ■ 

vThere fox from (43), equation (42a) yields: 

JL^L - H S D + __p_ ^'a T ^ _ rs ■ 

3 % " D a.na _3a_ '§~n^f Trr'i^)~i~^r7)' 

To prove the real sig-nlficance of our considerations on the 
stress in the tension dir^onal, we must check the validity of 
inequation (3), Paxt I (Technical i:e:r.oran.du>a Fo. 604, page 7)' 

at 0 and U, and v/hether - Cn - ~ assimips r>o-i.>,o,.o „ • • 

Q la "^souncs, perhaps, a maniniuin 

along this tension diagonal, as well as whether equation (3) 
(Technical Memorandum No. 604) is equally complied with at this 
point. 

We know the elongations in direction z and- n, aaid angle 
formed in a point P by the two fibers running oricinally 
m these two directions with the fibers of point li running in 
those directions. Then ue calculate the elongation €a at point 
P aocordins to a fiber running' at rxbltrary angle to the 

2 direction (Fig. 41), and the distortion 7a of this fiber 
through this deformation attitude relative to the direction of 
the tension diagonal in point P. These questions were disouBsed 
in Part I (Compare equation (3a): 

= € COS'' ttj. + 5q sins (Sj5, 
"Va = sin ttj, ooa Oj, (e - €„) . 
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Moreover, if for point- 0 and U, aside from and c^^'^ 

we Icnow elon^-o.tlon ^ a.nd. ■ in a eebond direction, which 

forme angle and with direction z, the above equa- 

tionf3 yield upon elimination of' Cq 

"Y aQ oot aQ (cq ^: €^), for point 0 (46a) 
y ^ cot ay (€u - €ay), " " U (46b) 

Now we flhall add one more consideration which at the same 
time' serves as a sort of introduction to the ne::t paragraph. 
Figure 42 shows the discussed sheet fiber in its original posi- 
tion as well as a line going, throu^-h point 0, which to- 
gether with the direction of the fiber forms an ancle- a^. When 
we subject the sheet to stresses, the, two points 0 and U as- 
sume a new position, say Oj and Uj, so that the line connect- 
ing these two points is dictortod by an an^^le ^. Being 

stressed, the line also shifts to. a new position arid 

I 

the problem is to ascertain the amount of an{^,-le formed by 

go and gQ^. ?;ith our previous designations (Fig. 3$), it be- 
comes apparent from Figure 42 that 

(130 - a^) + cOq ^ + (180 - a^) + 7 a^, 



so that 



0,0=^ -^li^ Wrao (460) 



and aa distoi-tion of a line gy through poir.t U 
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Ycc^ and conform to equatioiB (46a) and (46b). 

Boundary Equations. 

• Example: Sheet metal girder with parallel spare 

not rigid in bending 

The girder in Figui'e 43 is assuiiiedly constrained at one 
tUde and subjected to a stress Q, with the ensuir).^- deforma- 
tions as shown in Fi^joi-e 43. The irpper spar is under compres- 
sion, and the lower spar subject to tension stresses.; the whole 
; Girder deflects. The deformations caused by the cross stresses 
■ change .the stressed skin into a diagonal tension field; as a re- 
sult of the tension otresRes on the spaxs, the latter buckle be- 
tween the uprights; the uprights are compressed. All these de- 
formations are considered as infinitely snail in the sense of 
the conventional a,s sumptions of the strength theory. . 

But owing to the irrofrular deformations of the spare, the 
wrinkles (tension stresses) are now no longer parallel, but vary 
by a finite amount for the individual wrinkles; a as well as 
a and - now cae variable quantities. To this complicated 
deformation attitude we then apply the data of the preceding 
section, page 15. 

A sheet metal girder with spars not rigid in bending is 
subjected to precisely the sej^e angle of displacement 7 as one 
with bending resistant ^epars foecauso of the effect of ctogf. 
stress Q. AoFjuming this r^n^lo 7 as given, v/e pro sumo it to bo 
constant "Tithin the range of our discussion. Moreover, rro con- 
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sicier the cor/ipreBsion otrei^s in the upright e as "boing known- 
equivalGnt. The upri:.,^hts are to be flexibly at taohed to the 
opars and be without lateral bending-; GtiffnecG. Laist^/, the di~ 
menGions of upper and lower spar^ are' to be suoh that the elon- 
gations e^j-Q and e^j^^, caused by the spar streeooG, a,re confeJtant. 
Our problem then shall be to define the disorepanoios between 
these tvro different types of spars.' 

In Figure 43 the center axis of the girder is denoted by 
Xm- Axes Xq and are parallel to x^ and • h/S distant 
than where the spars are to be. Stresses and deformations are 
indicated by subscripts o, u, and n. 

ITow, first, we assume the intensity and the direction of 

the principal tension stress a and its ensuing elongation € 

as known; that is, ' and c^^. This gives us the derivations of 

these- quantities according to X.. (namely, -1.1., \ 

xm' d Xja' d Xm/ * 
Now' it follows from Figure 44 that d n^ = d x^ sin a . 

With Sit - 0, we have 
oz 

„^ ,oc_' 1 dg fA^\ 

9 nni sin a d xm . ^^^^ 

The elongation in direction z at point Ms is 
• . '"^ d^ ^ ^^ -^ 

2~'0 

With equations (37tj) and (47), 
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Be _d£_ oo sg da 

an^i " Gin a d'xm sirf a d" Xj^ ^"^^^ 

NO.V we know .|.|^ and with respect to and a thereby 

the Tvhole stress .and deformation attitude of the diagonal ten- 
Bion field (aeide from the transverce contraction ~ e^). In par- 
ticular, we are given the Btrecs and the deformation in 0 and U; 
but it must be ei^phaeized that the values of cq, c^, etc., cal- 
culated for Cya- ^i'Hd a at Xra are at 



^0 %i + § cot a"^ 

<0 



(49) 



= - I cot 

We designate by Xr„ Xo, and Xu the displacements of the 
points - originally on axes x^, Xq, and x^ ~ perpendicular: to 
the direction of these axes, By virtue of the different elonga- 
tions €.,0 and €j,^ the girder is bent (Fig. 43) at a contin^ 
gent angle 

h dxin"" 5x0^ dyf^ '• 

With ri^ a-nd rj^ as the deflections of the spars between two up- 
rights, ivieasured from the circular arc with above curvature (Fig. 



43), we have: 

d.xo dxQ ""0 — — (50) 



Then we define (S.,e Pigs. 4,3 and 43) angle v, at which the oor.- 
neoting line 50 of the tenoion diagonal through M ie dis- 



3Q 
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: torted under Btreaa. This angle io caused - first, by the de- 
fleotion Of the whole girder. (Fig. 43); this part aaouato to 
""■^ k^' - ^x-j); second, the other dis- 

tortions of point- 0 and U produce a distortion m this 

connecting line. How, it beoomea apparent fror. Fleurea 45 and 
45a* that 

" ilJ— * = ^ iiQ..J-!i53 h cot a - \, cos a. 

Here, T ia the angle of displacement duo to the oross stress, 
^ the elongation of the tension diagonal due to their stresses 
o, and the total distortion Leoomes 

- ^ ° h ^ '•xy- - ' - 

^ — oot °- + - cos a (51) 

dX 

Thus 0)0 = __2 (ng. 43) beoomes the an-;le of the direc- 
tion of the upper sprx at point 0 after deforaation of the 
girder and the dlroction of this spai- prior to dcfornation. Con- 
sequently, we have with equation (4Go) 

dX. 

and, with (50) 



'lib 



45 n-^d Ih^ ^°11oi«'1»o equation .:or 6, was derived from Fifraro.T 
rt^nts projecting the rr.eparatc di^v^.ce- 

cu? ^-id «ho n and X dlsplaoe'ienta do nol; oc- 

cur, Md are tnere.fore not specially indioptod. 



Noting 
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g = i oot a 



27 



we insert value fron (51) a,nd have: 



dx 



c)ot a ~ T + X COG a ^ (i^^ + y 



(53) 



Into thi8 equation (53) we write. the value for 7 conformal to 
(40a), the value for (|^V according to (44), for aa 
given in (46a) (aQ a) , so that our final equation (rote also 
(48) and (37a)) reads:- 

dxQ r - - coo a ^-,.JJ + 

+ 2 cot a ^ in(^i--i-£xN + ^ 



+ ii d£ Ji^ 

2 Bin^ a dx^i ri" 



■ - 1 , „ ^ / 3^ + r^N 
1 - 2r, ^ vi Z T^) 



In lilre Jiianner, wo obtain: 



(53) 



6^ 



- - 7 2 cot a + 



^ 1 f_l 1 _ /I + r \ 

2 sin-^ a dxrn j^l + r, ^ irT •^'^ iX^Tl^; 



v;hereby 



3;. . __h da 

^ 2" 'Gin^" d' dSj^ 



h d oota 

<0 vU^wj-^ 



(53) 



This gives US the desired ooiiiieotlon between c„ and a .-ith re- 
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speot to x^^ and the spar deflections. If, m addition, the " 
elastic linos of the spars are given and it is desired to find 
the produced diagonal tension field, the two equations above ~ 
(53) and (53a) - together with (49), suffice for computing c 

in 

and a with respect to Xjn, 

Lastly, if the elastic lines of the spars are not given 
T3Ut are to be defined oonformal to stresses p,, and -o 
(oonrpare Part I ~ Technical Memorandum Ho. 604 - pa^e 23, and. 

.Figure 9, for example, py =: s sin^ a a,. ^ b sin^ a e 

^ ^ 1 + r, / 

we apply in addition to (53), (53a) and (49) the two differen- 
tial equations for the elastic lines of the spars 

^'^''"^0 s sin^' cx €^ 

dxQ* " (l rj Jq (54a) 
d*jng s sin-' a 

dxu^ " '(l"'TT;')'^i^^ (^^4b) 

(Jq, = inertia moments of the spar cross sections; s 
sheet thickness.) 

Altogether, we have now 7 equations for Xn, Xtt, r , c 
"Hq and riTj. 

For later purposes, we subtract the two equations (53), and 

have: 

dr^j ^ h d-.€ ' i"' 
dxQ dxu Bin^™ dxjJJ (53b) 

I have not yet carried tlirough the nui:iorioal evaluations 
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-Of equations (53) etc.* We have yet to consldor the oaae where 
a and are constant. ' Then c = becomes constant iri^ the 

:whole range of the sheet; further, V-o- and r, = 0, -.vhich, 
written in (53) and added becomes: . " , , 

3^3;^^ dV = - y - 3 oot a °' ' ' J 4- 

+ 2 c obt a constant (55a) 

When subtracted, 

1 / dip dTTm 

3 Uxq ~ djqj/ ° ° ■ (55b) 

For two linear differential equations of the first order 
we usually apply two limit equations. But equations (53) for 
no and nu already satisfy one limit equation inasmuch' as Ave 
wrote the value for \ into (52) aoobrding to (40a) instead of 
expreoamg it generally, by.; c^, X , ^, and r,^, \. The 

other iir,ii ting condition is esqpressed by observing the connec- 
tion (460) [or: (46d)] and complying with (46a), (46b) at one 
place. In o-.;r case of (55a), (55b) it yields: 

+ - ^ 



dxQ dX0 



and' °^ tHese-deflectlcns n,, 

and are small enough so that the stress fluctuations " 

id^/ and the variations i,i direction -of wrinkling (rj become 

lif a""'^? ^^''^ ^o'^^d nu as.well as a,„ 

.'"-^^/S^PS^t t° % ••'e-y be expressed by Fourier p.- ^ . 
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Hence, acQording to (55a) , (55b) 
■ . . . 5^ = o; = o; Y = 2 cot a(. -..^0_J^^^ ^^^^^ 

This equation (55c) (Oorapaxc equation (6), - Part I (Technical 
Memorandum ilo. 604, page 28)) previa the accuracy of state- 
ment made at the end of an earlier section (Part i, page 29), 
na^nely, that a depends on the mean elongation of both spars 
only. 

In paxticular, we ivant to point out that, through (53) and 
(55), spars .-rhich by the deformation remain straight and paral- 
lei, are given constant wrinkling direction, which in previous 
sections we had assumed as obvious (See Part I, pages 16 and 23). 

Sheet total Girder with Spars not Rigid in Bending; . 
Simplifying Assumptions 

Again we • assiuiie . the angle Q.f , di splacement Y , the - elonga- 
tion cj,^ and c^u ,°t the .two spars and the elongation of 
the uprights as given. 
Case 1 : 

miat are the reeulte ■ if the direction of the wrinkles ia 
oonstant (a constant) ? Noting (37a).. (oq '^^ =: a) 

equation (53b) becomes; 

£no _ £% ^ h da 

dxQ dxu ~ 1 sins oT dx^» 

we integrate with (49) as 
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31 
, ..(56) 

Here Og is the integratlpn constant for o = cj„ when ' 
^0 - \ - 0. Now we presu:ae that the tension diagonals (stress 
trajectories) eaianating from the junction points of the lower 
spar (i.e., points of attachment of the uprights) pasn also 
through the junotion points of the upper spar (Fig. 46). Tlaen 
a subtraction of both equations (54) yields: 



NOW wo insert . c of (56). place the source x = o in a Junction 
point and obtain: 

yjo Jv) h - \) (57) 

This U the well-known differential equation of the elastic line 
of a flexibly supported railroad sleeper, so -we may omit the' gen- 
eral d,ata.. We put the limiting conditions (as long as 



We denote with 



0) t 



T1 


- 0 


for X - 


0 


dn 

dx 


- 0 




0 




- 0 


.. " X - 


t 


_dri 


- 0 


It Y ... 


t 


t 


sin a 


4 / ~ 





and obtain, for ex^uaple, for mxlHum deflection in both spars 
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max 



If the spaTS wore rigid iir bending the sheet would be sub- 
jected to a conctant tension stress a, which, computed from 
the cross stress Q of the sheet metal girder (equation (9)), 
ajnounts to 



h s sin 3a' 

On account of the deflection in the spars not rigid in bending, 
the tension stress is, as shown, uneven, a.nd it becomes readily 
apparent that the mean tension, stress o^qq^^ in the sheet would 
have to become equal to _1_ ; that, in fact 



Wn - f / ad X = ^ .^—^ 

The resolution of (57) yields the stresses o as functions of 
X, so this integral can be evaluated; the maximum tension 
stress Qg becomes 



with 



^ "~ h S: Sin 2 a a,„ 



mean 



mean 2 coi ui "t"^-"ljoi ""oi""t 



Now the maximum bending moments % in the spar at the up- 
right and in the center of the, field can be calculated. 

It will be readily seen that part of the sheet metal is not 
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stressed when the spacing of the supports is large with respect 
to the spar stiffness and the girder height 
nal ties only are being stressed (Fig. 47a), when 
: ; ;. a) t ^ 4.710; 

in that case the limiting conditions for the differential equa- 
tions must be modified, T/Ve forego a discussion of these simple, 
but ' drav/n~out calculations , and merely give the most prominent 
data. " ' :■• ■ . ■ ■ .•■ ^ :: 

Assuming that the wrinkles (stress trajectories) emanating 
from the junction points pass through the junction points of the 
upper spar also and the direction of^the wrinkles as constant 



CO t = t sin a / (^i + 

J vJo Ju'^ 4 h 



yields: 

a) The mea.n skin stress - 



0 23 1 

.^mean - 



b) The maximum skin stress - " 

where -.---^^ - is read from Figure 48.; Closely approximated, we 
have' / . . . ^ \ . , . 

. .- .... ""^^^.x toT o S o) t . 



% ^ t ■ ^ rr. ^ X ^ CO, 



til 
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o) The maxinium bending moment of the spars at the junc- | 
tion., points .is ^' 

MvL. ~ Q 5 tan a -i. 0 f 
-"max ^ E 12 - ' 

C to be taken from Figure 48, Closely approximated, we write 

C = 1 for G i (0 t^ 3 ' j,- 

0 - r~r " Z ^ (i> t ^ rr.' ' 

■ . • ■ ■ ■ . . ■ ■ ■ .. '■ ■ ■ 

d) Piece of the spax at which (by relatively low 

stiffness, ill, bending) the -tension stresses of 
• the web plate apply (Figs. 47a., 47t3) : _ 

^ taken from Figure 48. 
Case 3 : 

The two diff erentica eqimtions of the elastic line of the 
spars are generally written as 

^'^0 ^ ^ s Cq 8in5 g ^ s sin^ a 
dxQ* E Jq " ^ y 

^^^^ ^ + ^ ^ir sin^o^ _ s Oy sin^a 
d^ ■ E ^ " ■ • 

Now we assume the spacing of the uprights to be wide in re- 
lation to the girder height (Fig. 49), so that t>'h. Then 
quantity c sins a may be considered as being equivalent in 
upper and lower spar for related values of xq and xjj. In ap~ 
proximation we make xq - xy and subtract the tv;o equations: 
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In 

+ -r-.i €. Sins a 



35 



(69) 



The value c a is no constant; moreover, c a are af^ 
fected, according tcequationa (4a) and (4b) (Part I) for given 
y and e^, by the change in spar distance (that is, by any 
Change in Cy). As a. matter of fact, we must insert ' 

(^v = elongation of uprights) v 
at a point x f6r Cy • conformably to " the additional approach 
Of both spars due to their deflection between two uprights, .hen 
ci and a, are the values v;hich (4b) and (4a) yield for y 
^v,. a.nd e,. Then a differentiation, according to Cy produces 
from (4a), (4b) 



d (c sinj ji ) 



d € 



sin^. a 



and (59) becomes 



1 + cos^ a 



2 € 



- 1 



(60) 



0 



€i sin® a^^ - 



^■Jq JU" ^ "^y 

^Ut this, aside from the value of the constants, i. precisely 
«ae aa^e differential equation aa hefore ana yieMa the aame 
eolutions when in placo of o) t, we ivrite 



(61) 




\ 



63) 
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By observing equations (58). 




00 T) case 1 / 2 '".c"~' 



- 1 



Because (e^;; + €y) is alwaj-s negative, the numerator of the 
fraction, is always less than 1, so practical cases are approxi- 
mated at 

(i£t) case 2 . / i , / 

a being assumed around 40^. The data in Figure 48 are there- 
fore applicable with the value o) t, according to (60) , which 
does not differ very much from cot according to (58) to this 
case of plate wall wit?i vridely spaced uprights. 

Thus far our di sour? si on has centered around approximate 
solutions of eouation (53) with two specific assumptions (cases 

1 and 2) . With respeot to stressed skin (i.e. %^) , case 2 

g 

was less favorable because it yielded a liiglier a> t, .that is, 
a higher Cg , for the sane dimensions of the sheet wall. And, 
having been unable to find a more unfavorable assun^Dtion for 
c^g, HQT advice Is to figure this value approximately at 



4. 



c.t=1.25t smay ^^-^^ (63) 

With respect to bending stresses in the spar ,(i . e. , value 
Q-), ca.se 1 was less favorable, because this stress decreases 
as CD t increases. But according to my calculations it appears 
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as if this stress were still higher than that computed for case 
1, when the v/rinkle, emanating from the lov/er spar at the junc- 
tion with the upright, meets the upper spar "between two uprights. 

Inasmuch as the exact moment of this stress. in bending is 
not paramount in correctly constructed sheet metal girders, and 
since its effect is secondary in importance as compared with the 
allowalDle resultant stress in bending and compression for the 
spars, I deem it best to express the bending in the spar simply 
by the highest possible Mfj^^^^^ = -jg (that is, 0 = 1). 

Example 

Let us check the. effect of the flexibility in bending of 
the spars (Pig. 50) on the example of a previous section (Part I, 
T,M. Ho. 604-,- page 29): ' - 

Q = 8000; h = 60 cm; t = 25 cm; s = 0.-1 cm; 
a. = 39.5^; sin a = 0.646. 
To emphasize this effect, we determine the cross-sectional area 
at section I (Fig. 50), because here the spars are still very 
weak; the first bay alongside the point of application of the 
cross stress Q, where the spars are still weaker, is out of 
the question because it would entail special provisions to en- 
sure the lateral bending stiffness of the outside vertical (Fig. 
47).. According to equation (L3c) (Pcart I), the spar L^trej^coc 
are 

Hq^U * - 0.6 X 3000 
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I ■ 

: : ■ . ■ ■ ■■ 

""^^ ; Ho - + 200/ % = 9^^^ 

for X = 37.5, ' -■ 

VTith a - 3000 kg/oin3 allowable stress for the lower spar, 
we select, for ex'u-.iple, two angle sections 45 x 2.8 mm, whose 
total inertia n.oment ia « 10 cm*. For the upper spar, which 
is^only under 200 kg tension' at this point, we choose a cross 
sedtion-a-fc least equivalent by x = 0, that- is, for 4800 kg 
oonipression (by alternating direction of cross stress Q we 
would -aave to define Fq and Jq in conformity with this other 
load case for compression stresses). Accordingly, we may assume 
Jq = 7 cm*. 

Now equation (63) yields: 

t = 1.25 X 35 X 0.636 ' , 0-1 1 i qq 

y (7 +:10) 60 ~ 



and Figure 48; 



= 0.92 : 0 = 0i98. 



So, Since the maximum tension stress Og m the sheet is 
8 per cent higher than the mea« stress ' a^^^ the yield limit 
18 already reached at an 8 per cent lower load. But these stress 
differances become neutralized upon exceeding the yield limit, 
BO the Ultimate load' of the flexible spars is in no wise altered 
by this effect (See page 10 of this report, "Exceeding the Yield 
Limit'.'). 

If we take care to prevent a premature excess of yield lim- 



l^vA.O.A/ Toclitniqal itoaorandw^ ; 39 

it, we can, without i nor casing t^^^ the spacing 

of the upright to perhaps 17 cm. Then, co t 1.35 which, ac- 
oording to - 0.98 in Fig-ure 48, raises the stress only 

2 per cent. 

The bending moment in the opar which, with 0 0.98 is on- 
ly 2 per cent lower than S, can always figured at 
1 Vt 

^^max il ^) • In the panels farther to the right (Fig. 

50) the spars are stiffer yet, so that any; check at these places 
is superfluous. 

The relations set up with the simplified assumptions in 
this paragraph lead to such simple mathematical data that a cer- 
tain degree of inaqcuracy may well he taken in the hargain. 



Translation by J. Vanier, 
National Advisory Committee 
for Aeronautics. 
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Figs. 45_,45a 
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